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Àííîòàöèÿ

Â ðàáîòå ââîäèòñÿ ãðóïïà ECT (Z), ïîðîæäåííàÿ îáîáùåííûìè òðàíñ-

ïîçèöèÿìè êëàññîâ. Ïîêàçàíî, ÷òî àâòîìîð�èçì Ñ.Êîëÿ ãðóïïû CT (Z)

èíäóöèðîâàí âíóòðåííèì àâòîìîð�èçìîì ãðóïïû Sym(Z) è ïðåäñòà-

âèì â âèäå ïðîèçâåäåíèÿ äâóõ àâòîìîð�èçìîâ ãðóïïû Sym(Z) � ñäâè-

ãà íà 1 è îòðàæåíèÿ îòíîñèòåëüíî 0. Íàéäåíû �îðìóëû äåéñòâèÿ ýòèõ

àâòîìîð�èçìîâ íà ïîðîæäàþùèõ ãðóïïû ECT (Z).

Êëþ÷åâûå ñëîâà è �ðàçû

ïîäñòàíîâêà, òðàíñïîçèöèÿ êëàññîâ, èíâîëþöèÿ, àâòîìîð�èçì, ïðîáëå-

ìà Êîëëàòöà .
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Abstra
t

In this paper, we introdu
e the group ECT (Z) generated by generalized


lass transpositions. It is shown that the S. Kohl automorphism of the group

CT (Z) is indu
ed by an inner automorphism of the group Sym(Z) and 
an

be represented as a produ
t of two automorphisms of the group Sym(Z) �

a shift by 1 and a mirroring with respe
t to 0. We �nd formulas for the

a
tion of these automorphisms on generators of the group ECT (Z).
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� 1. Ââåäåíèå è ïîñòàíîâêà çàäà÷è

Â ðàáîòå Ñ. Êîëÿ [1℄ äàíî ñëåäóþùåå îïðåäåëåíèå. Ïóñòü m ≥ 2 íà-

òóðàëüíîå ÷èñëî. Òîãäà äëÿ âñÿêîãî öåëîãî r, óäîâëåòâîðÿþùåãî íåðàâåí-
ñòâàì 0 ≤ r ≤ m− 1 ïîëîæèì

r(m) = r +mZ = {r + km|k ∈ Z} .

Ïðè r1(m1) ∩ r2(m2) = ∅ îïðåäåëèì òðàíñïîçèöèþ êëàññîâ τr1(m1),r2(m2)

êàê èíâîëþöèþ, ïåðåñòàâëÿþùóþ ÷èñëà r1 + km1 è r2 + km2 äëÿ êàæäîãî
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öåëîãî k è îñòàâëÿþùóþ îñòàëüíûå öåëûå ÷èñëà íåïîäâèæíûìè. Òàêèì

îáðàçîì òðàíñïîçèöèÿ êëàññîâ ÿâëÿåòñÿ ýëåìåíòîì ïîðÿäêà 2 áåñêîíå÷-

íîé ñèììåòðè÷åñêîé ãðóïïû Sym(Z) âñåõ ïåðåñòàíîâîê ìíîæåñòâà öåëûõ

÷èñåë Z. ×åðåç CT (Z) îáîçíà÷èì ãðóïïó, ïîðîæäåííóþ âñåìè òðàíñïîçè-

öèÿìè êëàññîâ. Òðàíñïîçèöèþ êëàññîâ τr1(m1),r2(m2) áóäåì çàïèñûâàòü ñëå-

äóþùèì îáðàçîì

τr1(m1),r2(m2) =
∏

k∈Z

(r1 + km1, r2 + km2)

êàê ïðîèçâåäåíèå íåçàâèñèìûõ öèêëîâ äëèíû äâà.

Èçó÷åíèå àâòîìîð�èçìîâ ãðóïï ïîäñòàíîâîê ñîñòàâëÿåò êëàññè÷åñêîå

íàïðàâëåíèå èññëåäîâàíèé â òåîðèè ãðóïï. Äëÿ êîíå÷íûõ ãðóïï ïîäñòàíî-

âîê Sn èçâåñòåí òàêîé ðåçóëüòàò. Ïðè n 6= 6 âñÿêèé àâòîìîð�èçì ãðóïïû

Sn âíóòðåííèé. Äëÿ ãðóïïû S6 ñóùåñòâóåò íå âíóòðåííèé àâòîìîð�èçì.

Ñëåäóþùèé âîïðîñ áûë ñ�îðìóëèðîâàí â Êîóðîâñêîé òåòðàäè [2℄. Âîïðîñ

17.57 (Ñ. Êîëü). Âåðíî ëè, ÷òî ãðóïïà âíåøíèõ àâòîìîð�èçìîâ ãðóïïû

CT (Z) èçîìîð�íà öèêëè÷åñêîé ãðóïïå ïîðÿäêà 2, êîòîðàÿ ïîðîæäàåòñÿ

àâòîìîð�èçìîì

ϕ : σ 7→ σn 7→−n−1?

Àâòîìîð�èçì ϕ (êîòîðûé åñòåñòâåííî íàçâàòü àâòîìîð�èçìîì Êîëÿ) äåé-

ñòâóåò íà ïîäñòàíîâêó σ ∈ CT (Z) ñëåäóþùèì îáðàçîì: åñëè σ ïðåäñòàâ-

ëåíà â âèäå ïðîèçâåäåíèÿ íåçàâèñèìûõ öèêëîâ, òî ϕ(σ) ïîëó÷àåòñÿ èç σ
çàìåíîé n íà −n−1 äëÿ âñåõ öåëûõ n. Íà òðàíñïîçèöèþ êëàññîâ àâòîìîð-

�èçì ϕ äåéñòâóåò ñëåäóþùèì îáðàçîì:

ϕ(τr1(m1),r2(m2)) = ϕ

(

∏

k∈Z

(r1 + km1, r2 + km2)

)

=

=
∏

k∈Z

(−r1 − km1 − 1,−r2 − km2 − 1) =

=
∏

k∈Z

((m1 − r1 − 1) +m1(−k − 1), (m2 − r2 − 1) +m2(−k − 1)) =

=
∏

l∈Z

((m1 − r1 − 1) +m1l, (m2 − r2 − 1) +m2l) =

= τm1−r1−1(m1),m2−r2−1(m2).

Èòàê,

ϕ(τr1(m1),r2(m2)) = τm1−r1−1(m1),m2−r2−1(m2).
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Íåòðóäíî çàìåòèòü, ÷òî àâòîìîð�èçì ϕ ìîæíî ïðåäñòàâèòü â âèäå ïðî-

èçâåäåíèÿ îòîáðàæåíèé ϕ = ψθ, ãäå

θ(n) = n+ 1, ψ(n) = −n, n ∈ Z.

Îòîáðàæåíèÿ ψ, θ ÿâëÿþòñÿ àâòîìîð�èçìàìè ãðóïïû Sym(Z), íî íå ÿâëÿ-
þòñÿ àâòîìîð�èçìàìè ãðóïïû CT (Z). Ìû óêàçûâàåì ïîðîæäàþùåå ìíî-

æåñòâî (îáîáùåííûå òðàíñïîçèöèè êëàññîâ)

lτr1(n1),r2(n2) =
∏

k∈Z

(r1 + kn1, r2 + (k − l)n2),

ãäå l ∈ Z, íàèìåíüøåé ïîäãðóïïû ãðóïïû Sym(Z), êîòîðàÿ ñîäåðæèò ãðóï-
ïó CT (Z) è âûäåðæèâàåò äåéñòâèå àâòîìîð�èçìàìè ψ, θ. (Òàêóþ ïîäãðóï-

ïó â ãðóïïå Sym(Z) åñòåñòâåííî íàçâàòü çàìûêàíèåì ãðóïïû CT (Z) îòíî-
ñèòåëüíî ãðóïïû, ïîðîæäåííîé àâòîìîð�èçìàìè ψ, θ.) Íàõîäèì �îðìóëû

äåéñòâèÿ àâòîìîð�èçìàìè ψ, θ íà îáîáùåííûõ òðàíñïîçèöèÿõ êëàññîâ.

Â êà÷åñòâå ïðèëîæåíèÿ ïîëó÷åííûõ �îðìóë íàõîäèì îðáèòû îáîáùåí-

íûõ ïîäñòàíîâîê Êîëÿ lτ0(2),1(2), lτ1(2),2(4), lτ1(4),2(6) ïîä äåéñòâèåì ãðóïïû

A0 = 〈ψ, θ〉. Â çàêëþ÷åíèè �îðìóëèðóþòñÿ íåêîòîðûå âîïðîñû äëÿ äàëü-

íåéøåãî èññëåäîâàíèÿ.

� 2. �ðóïïà îáîáùåííûõ òðàíñïîçèöèé êëàññîâ

Ïðåäâàðèòåëüíî ñäåëàåì íåñêîëüêî çàìå÷àíèé.

Çàìå÷àíèå 1. Åñëè

a =
∏

n≥1

(−n, n− 1),

òî äåéñòâèå àâòîìîð�èçìà Êîëÿ ϕ ñîâïàäàåò ñ ñîïðÿæåíèåì ïîäñòàíîâêîé

a:
ϕ(σ) = aσa−1, σ ∈ Sym(Z).

Ýòî íåïîñðåäñòâåííî ñëåäóåò èç �îðìóëû ñîïðÿæåíèÿ:

(

. . . i1 i2 . . . ik . . .

. . . j1 j2 . . . jk . . .

)

(. . . i1i2 . . . ik . . .)

(

. . . j1 j2 . . . jk . . .

. . . i1 i2 . . . ik . . .

)

=

= (. . . j1j2 . . . jk . . .)

è èç âèäà ïîäñòàíîâêè a:

a =

(

. . . n . . .

. . . −n− 1 . . .

)

.
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Ñëåäîâàòåëüíî, ϕ � âíóòðåííèé àâòîìîð�èçì ãðóïïû Sym(Z).
Îòìåòèì, ÷òî îòîáðàæåíèå, çàäàâàåìîå ïîäñòàíîâêîé a íà öåëûõ ÷èñ-

ëàõ ïðîäîëæàåòñÿ äî îòîáðàæåíèÿ íà ìíîæåñòâî âåùåñòâåííûõ ÷èñåë

A(x) = −1− x, x ∈ R.

Ïðè ýòîì A(−1/2) = −1/2.

Çàìå÷àíèå 2. Ââåäåì îòîáðàæåíèÿ θ, ψ ∈ Sym(Z):

θ(n) = n+ 1, ψ(n) = −n, n ∈ Z.

Òîãäà

ψθ(n) = −n− 1,

ñëåäîâàòåëüíî, àâòîìîð�èçì Êîëÿ ÿâëÿåòñÿ êîìïîçèöèåé

ϕ = ψθ.

Îòìåòèì, ÷òî θ � ýëåìåíò áåñêîíå÷íîãî ïîðÿäêà, à ψ � ýëåìåíò âòîðî-

ãî ïîðÿäêà ãðóïïû Sym(Z). Òàê êàê (ψθ)2 = 1, òî ãðóïïà ïîðîæäåííàÿ

ýëåìåíòàìè θ, ψ èçîìîð�íà áåñêîíå÷íîé ãðóïïå äèýäðà

D∞ =
〈

x, y | x2 = 1, xyx = y−1
〉

.

�àñøèðèì ãðóïïó CT (Z), äîáàâèâ ñëåäóþùèå ïîäñòàíîâêè

lτr1(n1),r2(n2) =
∏

k∈Z

(r1 + kn1, r2 + (k − l)n2),

ãäå l ∈ Z. Åñëè l = 0, òî

0τr1(n1),r2(n2) = τr1(n1),r2(n2).

Êîððåêòíîñòü îïðåäåëåíèÿ ïðè ýòîì íå òåðÿåòñÿ, òàê êàê (r1 + n1Z) ∩
(r2 + n2Z) = ∅. Îòìåòèì òàêæå, ÷òî ïî òîé æå ïðè÷èíå íåò ýëåìåíòîâ âè-

äà lτ0(n1),0(n2). �ðóïïó ïîðîæäåííóþ âñåìè ïîäñòàíîâêàìè âèäà lτr1(n1),r2(n2)

îáîçíà÷èì ÷åðåç ECT (Z) è áóäåì íàçûâàòü ãðóïïîé îáîáùåííûõ òðàíñïî-

çèöèé êëàññîâ.

Äàëåå íàéäåì �îðìóëû äåéñòâèÿ àâòîìîð�èçìîâ θ, ψ íà ýëåìåíòàõ

lτr1(n1),r2(n2), à èìåííî, èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà. Ñïðàâåäëèâû ñëåäóþùèå �îðìóëû

1) ψ(lτ0(n1),r2(n2)) = 1−lτ0(n1),n2−r2(n2), åñëè 1 ≤ r2 < n2,

2) ψ(lτr1(n1),r2(n2)) = −lτn1−r1(n1),n2−r2(n2), åñëè 1 ≤ r1 < n1, 1 ≤ r2 < n2,

3) ψ(lτr1(n1),0(n2)) = −l−1τn1−r1(n1),0(n2), åñëè 1 ≤ r1,
4) θ(lτr1(n1),r2(n2)) = lτr1+1(n1),r2+1(n2), åñëè 0 ≤ r1 ≤ n1 − 2,

0 ≤ r2 ≤ n2 − 2,
5) θ(lτn1−1(n1),r2(n2)) = l+1τ0(n1),r2+1(n2), åñëè 0 ≤ r2 ≤ n2 − 2,
6) θ(lτr1(n1),n2−1(n2)) = l−1τr1+1(n1),0(n2), åñëè 1 ≤ r1 ≤ n1 − 2,
7) θ−1(lτr1(n1),r2(n2)) = lτr1−1(n1),r2−1(n2), åñëè r1 ≥ 1, r2 ≥ 1,
8) θ−1(lτ0(n1),r2(n2)) = l−1τn1−1(n1),r2−1(n2), åñëè r2 ≥ 1,
9) θ−1(lτr1(n1),0(n2)) = l+1τr1−1(n1),n2−1(n2), åñëè r1 ≥ 1.
Äîêàçàòåëüñòâî.Ïðè äåéñòâèè àâòîìîð�èçìîì ψ íà ýëåìåíò lτr1(n1),r2(n2)

ïîëó÷àåì

ψ(lτr1(n1),r2(n2)) =
∏

k∈Z

(−r1 − kn1,−r2 − (k − l)n2) =

=
∏

k∈Z

(−r1 + kn1,−r2 + (k + l)n2).

Åñëè r1 = 0, 1 ≤ r2 < n2, òî

∏

k∈Z

(−r1 + kn1,−r2 + (k + l)n2) =
∏

k∈Z

(kn1, n2 − r2 + (k + l − 1)n2) =

= 1−lτ0(n1),n2−r2(n2).

Åñëè 1 ≤ r1 < n1, 1 ≤ r2 < n2, òî

∏

k∈Z

(−r1+kn1,−r2+(k+l)n2) =
∏

k∈Z

(n1−r1+(k−1)n1, n2−r2+(k+l−1)n2) =

=
∏

k∈Z

(n1 − r1 + kn1, n2 − r2 + (k + l)n2) = −lτn1−r1(n1),n2−r2(n2).

Åñëè 1 ≤ r1 < n1, r2 = 0, òî

∏

k∈Z

(−r1 + kn1,−r2 + (k + l)n2) =
∏

k∈Z

(−r1 + kn1, (k + l)n2) =

=
∏

k∈Z

(n1 − r1 + (k − 1)n1, (k − 1 + l + 1)n2) = −l−1τn1−r1(n1),0(n2).

Ïðè äåéñòâèè àâòîìîð�èçìîì θ íà ýëåìåíò lτr1(n1),r2(n2) ïîëó÷àåì

θ(lτr1(n1),r2(n2)) =
∏

k∈Z

(r1 + 1 + kn1, r2 + 1 + (k − l)n2).
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Åñëè r1 ≤ n1 − 2, r2 ≤ n2 − 2, òî

∏

k∈Z

(r1 + 1 + kn1, r2 + 1 + (k − l)n2) = lτr1+1(n1),r2+1(n2).

Åñëè r1 = n1 − 1, r2 ≤ n2 − 2, òî

∏

k∈Z

(r1 + 1 + kn1, r2 + 1 + (k − l)n2) =
∏

k∈Z

(n1 + kn1, r2 + 1 + (k − l)n2) =

=
∏

k∈Z

((k+1)n1, r2 +1+ (k+1− l− 1)n2) =
∏

k∈Z

(kn1, r2 +1+ (k− l− 1)n2) =

= l+1τ0(n1),r2+1(n2).

Åñëè r1 ≤ n1 − 2, r2 = n2 − 1, òî

∏

k∈Z

(r1 + 1 + kn1, r2 + 1 + (k − l)n2) =
∏

k∈Z

(r1 + 1 + kn1, n2 + (k − l)n2) =

=
∏

k∈Z

(r1 + 1 + kn1, (k + 1− l)n2) = l−1τr1+1(n1),0(n2).

Íàéäåì äåéñòâèå θ−1
. Èìååì

θ−1(lτr1(n1),r2(n2)) =
∏

k∈Z

(r1 − 1 + kn1, r2 − 1 + (k − l)n2).

Åñëè r1 ≥ 1, r2 ≥ 1, òî

θ−1(lτr1(n1),r2(n2)) = lτr1−1(n1),r2−1(n2).

Åñëè r1 = 0, r2 ≥ 1, òî

θ−1(lτ0(n1),r2(n2)) =
∏

k∈Z

(−1 + kn1, r2 − 1 + (k − l)n2) =

=
∏

k∈Z

(n1 − 1 + (k − 1)n1, r2 − 1 + (k − l)n2) =

=
∏

k∈Z

(n1 − 1 + (k − 1)n1, r2 − 1 + (k − 1− (l − 1))n2) =

= l−1τn1−1(n1),r2−1(n2).

Åñëè r1 ≥ 1, r2 = 0, òî

θ−1(lτr1(n1),0(n2)) =
∏

k∈Z

(r1 − 1 + kn1,−1 + (k − l)n2) =
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=
∏

k∈Z

(r1 − 1 + kn1, n2 − 1 + (k − l − 1)n2) =

= l+1τr1−1(n1),n2−1(n2).

Òåîðåìà äîêàçàíà.

Îòìåòèì, ÷òî èç íàéäåííûõ �îðìóë ñëåäóåò, ÷òî ãðóïïà ECT (Z) ÿâ-
ëÿåòñÿ íàèìåíüøåé ïîäãðóïïîé ãðóïïû Sym(Z), êîòîðàÿ ñîäåðæèò ïîä-

ãðóïïó CT (Z) è èíâàðèàíòíà îòíîñèòåëüíî àâòîìîð�èçìîâ ψ, θ.

Çàìå÷àíèå 3. Ôèêñèðóÿ ïàðó ìîäóëåé (n1, n2), ìîæíî îòîæäåñòâèòü

ýëåìåíò lτr1(n1),r2(n2) ñ òðîéêîé (l, r1, r2). Òîãäà �îðìóëû äåéñòâèÿ ïðèìóò

áîëåå ïðîñòîé âèä:

1) ψ(l, 0, r2) = (1− l, 0, n2 − r2), åñëè 1 ≤ r2 < n2,

2) ψ(l, r1, r2) = (−l, n1 − r1, n2 − r2), åñëè 1 ≤ r1 < n1, 1 ≤ r2 < n2,

3) ψ(l, r1, 0) = (−l − 1, n1 − r1, 0), åñëè 1 ≤ r1.
4) θ(l, r1, r2) = (l, r1 + 1, r2 + 1), åñëè 0 ≤ r1 ≤ n1 − 2, 0 ≤ r2 ≤ n2 − 2,
5) θ(l, n1 − 1, r2) = (l + 1, 0, r2 + 1), åñëè 0 ≤ r2 ≤ n2 − 2,
6) θ(l, r1, n2 − 1) = (l − 1, r1 + 1, 0), åñëè 1 ≤ r1 ≤ n1 − 2,
7) θ−1(l, r1, r2) = (l, r1 − 1, r2 − 1), åñëè r1 ≥ 1, r2 ≥ 1,
8) θ−1(l, 0, r2) = (l − 1, n1 − 1, r2 − 1), åñëè r2 ≥ 1,
9) θ−1(l, r1, 0) = (l + 1, r1 − 1, n2 − 1), åñëè r1 ≥ 1.

� 3. Äåéñòâèå àâòîìîð�èçìîâ ψ, θ íà îáîáùåííûõ

ïîäñòàíîâêàõ Êîëÿ

Êàê äîêàçàíî â ðàáîòå Ñ. Êîëÿ [3℄ ãðóïïà ïîðîæäåííàÿ ïîäñòàíîâêàìè

a = τ0(2),1(2), b = τ1(2),2(4), c = τ1(4),2(6) ñâÿçàíà ñ ãèïîòåçîé Êîëëàòöà, èç-

âåñòíîé òàêæå êàê 3x+ 1 � ãèïîòåçà. À èìåííî, ãèïîòåçà Êîëëàòöà ñïðà-

âåäëèâà òîãäà è òîëüêî òîãäà, êîãäà ãðóïïà 〈a, b, c〉 äåéñòâóåò òðàíçèòèâíî
íà ìíîæåñòâå íàòóðàëüíûõ ÷èñåë.

Äàëåå, â êà÷åñòâå ïðèëîæåíèÿ íàéäåííûõ �îðìóë ìû íàõîäèì îðáèòû

ïîäñòàíîâîê lτ0(2),1(2), lτ1(2),2(4), lτ1(4),2(6), l ∈ Z, â ãðóïïå ECT (Z) îòíîñè-
òåëüíî ãðóïïû àâòîìîð�èçìîâ A0 = 〈ψ, θ〉.

Îðáèòû A0(lτ1(2),0(2)) è A0(lτ0(2),1(2)).
Íàéäåì äåéñòâèå ãðóïïû A0 = 〈ψ, θ〉 íà ýëåìåíòàõ lτ1(2),0(2) = (l, 1, 0) è

lτ0(2),1(2) = (l, 0, 1).
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Òàê êàê êàæäûé ýëåìåíò ãðóïïû äèýäðà A0 îäíîçíà÷íî çàïèñûâàåòñÿ

â âèäå

ψεθm, m ∈ Z, ε = 0, 1,

òî äîñòàòî÷íî íàéòè ñíà÷àëà ýëåìåíòû âèäà θm(l, 1, 0), θm(l, 0, 1), à çàòåì
ψθm(l, 1, 0), ψθm(l, 0, 1). Èìååì

θ(l, 1, 0) = (l + 1, 0, 1), θ(l, 0, 1) = (l − 1, 1, 0),

θ−1(l, 0, 1) = (l − 1, 1, 0), θ−1(l, 1, 0) = (l + 1, 0, 1),

ψ(l, 1, 0) = (−l − 1, 1, 0), ψ(l, 0, 1) = (1− l, 0, 1).

Ñëåäîâàòåëüíî,

θ2(l, 1, 0) = (l, 1, 0), θ2(l, 0, 1) = (l, 0, 1).

Èòàê, θ2 äåéñòâóåò òîæäåñòâåííî íà ýëåìåíòàõ (l, 1, 0) è (l, 0, 1) (äëÿ ìî-

äóëåé (2, 2)). Ïîýòîìó îðáèòû ýëåìåíòîâ (l, 1, 0) ïîä äåéñòâèåì ãðóïïû A0

ñîñòîÿò èç ýëåìåíòîâ

A0(l, 1, 0) = {(l, 1, 0), (l + 1, 0, 1), (−l − 1, 1, 0), (−l, 0, 1)} ,

A0(l, 0, 1) = {(l, 0, 1), (l − 1, 1, 0), (1− l, 0, 1), (−l, 1, 0)} .

Â ÷àñòíîñòè, ïðè l = 0 ïîëó÷àåì

A0(0, 0, 1) = {(0, 0, 1), (−1, 1, 0), (1, 0, 1), (0, 1, 0)} .

Çàìåòèì, ÷òî

(0, 0, 1) = 0τ0(2),1(2) =
∏

k∈Z

(2k, 1 + 2k) =

=
∏

k∈Z

(1 + 2k, 2k) = 0τ1(2),0(2) = (0, 1, 0),

(−1, 1, 0) = −1τ1(2),0(2) =
∏

k∈Z

(1 + 2k, 2(k + 1)) =

=
∏

k∈Z

(2(k + 1), 1 + 2k) =
∏

k∈Z

(2k, 1 + 2(k − 1)) =

= 1τ0(2),1(2) = (1, 0, 1),

òî åñòü θ(0, 0, 1) = ψ(0, 0, 1). Èòàê,

A0(0, 0, 1) = {(0, 0, 1), (0, 1, 0)} .

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2025, Òîì 28, � 3, C. 50-62

Mat. Trudy, 2025, V. 28, N. 3, P. 50-62



Íåùàäèì Ì.Â., Íåùàäèì Ñ.Ì. 59

Äàëåå íàéäåì ïðîèçâåäåíèå ýëåìåíòîâ (0, 0, 1) è (1, 0, 1). Èìååì

(0, 0, 1) · (1, 0, 1) = 0τ0(2),1(2)1τ0(2),1(2) =

=
∏

k∈Z

(2k, 1 + 2k)
∏

l∈Z

(2l, 1 + 2(l − 1)) =

=
∏

k∈Z

(2k, 1 + 2k)
∏

l∈Z

(1 + 2l, 2(l + 1)) =

= . . . (−4,−3)(−2,−1)(0, 1)(2, 3)(4, 5)(6, 7) . . . ·

· . . . (−3,−2)(−1, 0)(1, 2)(3, 4)(5, 6) . . . =

(. . . ,−3,−1, 1, 3, 5, 7, . . .) · (. . . , 4, 2, 0,−2,−4,−6, . . .)

� ïðîèçâåäåíèå äâóõ áåñêîíå÷íûõ íåçàâèñèìûõ öèêëîâ:

(1 + 2k 7→ 1 + 2(k + 1)), (2k 7→ 2(k − 1)).

Ñëåäîâàòåëüíî,

〈

0τ0(2),1(2), 1τ0(2),1(2)
〉

∼= Z2 ∗ Z2,

è

〈

0τ0(2),1(2), ψ
〉

∼= Z2 ∗ Z2,
〈

0τ0(2),1(2), θ
〉

∼= Z2 ∗ Z2.

Îáîçíà÷èì a = 0τ0(2),1(2). Òîãäà

〈a, ψ, θ〉 =
〈

a, ψ, θ | a2 = ψ2 = θ2 = 1, ψaψ = θaθ, (ψθ)2 = 1
〉

=

=
〈

a, ψ, θ | a2 = ψ2 = θ2 = 1, ψθa = aψθ, (ψθ)2 = 1
〉

=

=
〈

a, ψ, θ, ϕ | a2 = ψ2 = θ2 = 1, ϕa = aϕ, ϕ = ψθ
〉

=

=
〈

a, θ, ϕ | a2 = θ2 = ϕ2 = 1, (ϕθ)2 = 1, ϕa = aϕ
〉

=

=
〈

a, θ, ϕ | a2 = θ2 = ϕ2 = 1, θϕ = ϕθ, ϕa = aϕ
〉

=

= 〈ϕ〉 × 〈a, θ〉 ∼= Z2 × (Z2 ∗ Z2).

Îðáèòà A0(lτ1(2),2(4)).
Íàéäåì äåéñòâèå ãðóïïû A0 = 〈ψ, θ〉 íà ýëåìåíòàõ lτ1(2),2(4) = (l, 1, 2).
Èìååì

θ(l, 1, 2) = (l + 1, 0, 3), θ2(l, 1, 2) = (l, 1, 0),

θ3(l, 1, 2) = (l + 1, 0, 1), θ4(l, 1, 2) = (l + 1, 1, 2).
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Èòàê, θ4(l, 1, 2) = (l + 1, 1, 2). Ñëåäîâàòåëüíî, ïðè m ≥ 0

θ4m(l, 1, 2) = (l +m, 1, 2), θ4m+1(l, 1, 2) = (l +m+ 1, 0, 3),

θ4m+2(l, 1, 2) = (l +m, 1, 0), θ4m+3(l, 1, 2) = (l +m+ 1, 0, 1),

θ−4m(l, 1, 2) = (l −m, 1, 2), θ−4m+1(l, 1, 2) = (l −m+ 1, 0, 3),

θ−4m+2(l, 1, 2) = (l −m, 1, 0), θ−4m+3(l, 1, 2) = (l −m+ 1, 0, 1).

Ïðèìåíèì àâòîìîð�èçì ψ

ψθ4m(l, 1, 2) = (−l −m, 1, 2), ψθ4m+1(l, 1, 2) = (−l −m, 0, 1),

ψθ4m+2(l, 1, 2) = (−l −m− 1, 1, 0), ψθ4m+3(l, 1, 2) = (−l −m, 0, 3),

ψθ−4m(l, 1, 2) = (m− l, 1, 2), ψθ−4m+1(l, 1, 2) = (m− l, 0, 1),

ψθ−4m+2(l, 1, 2) = (m− l − 1, 1, 0), ψθ−4m+3(l, 1, 2) = (m− l, 0, 3).

Îðáèòà A0(lτ1(4),2(6)).
Íàéäåì äåéñòâèå ãðóïïû A0 = 〈ψ, θ〉 íà ýëåìåíòàõ lτ1(4),2(6) = (l, 1, 2).
Èìååì

θ(l, 1, 2) = (l, 2, 3), θ2(l, 1, 2) = (l, 3, 4), θ3(l, 1, 2) = (l + 1, 0, 5),

θ4(l, 1, 2) = (l, 1, 0), θ5(l, 1, 2) = (l, 2, 1), θ6(l, 1, 2) = (l, 3, 2),

θ7(l, 1, 2) = (l + 1, 0, 3), θ8(l, 1, 2) = (l + 1, 1, 4), θ9(l, 1, 2) = (l + 1, 2, 5),

θ10(l, 1, 2) = (l, 3, 0), θ11(l, 1, 2) = (l + 1, 0, 1), θ12(l, 1, 2) = (l + 1, 1, 2).

Èòàê,

θ12(l, 1, 2) = (l + 1, 1, 2)

è îðáèòà 〈θ〉 (l, 1, 2) áåñêîíå÷íà.
Ñëåäîâàòåëüíî,

θ12m(l, 1, 2) = (l +m, 1, 2), θ12m+1(l, 1, 2) = (l +m, 2, 3),

θ12m+2(l, 1, 2) = (l +m, 3, 4), θ12m+3(l, 1, 2) = (l +m+ 1, 0, 5),

θ12m+4(l, 1, 2) = (l +m, 1, 0), θ12m+5(l, 1, 2) = (l +m, 2, 1),

θ12m+6(l, 1, 2) = (l +m, 3, 2), θ12m+7(l, 1, 2) = (l +m+ 1, 0, 3),

θ12m+8(l, 1, 2) = (l +m+ 1, 1, 4), θ12m+9(l, 1, 2) = (l +m+ 1, 2, 5),

θ12m+10(l, 1, 2) = (l +m, 3, 0), θ12m+11(l, 1, 2) = (l +m+ 1, 0, 1).
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Äàëåå íàéäåì äåéñòâèå àâòîìîð�èçìà ψ

ψθ12m(l, 1, 2) = (−l −m, 3, 4), ψθ12m+1(l, 1, 2) = (−l −m, 2, 3),

ψθ12m+2(l, 1, 2) = (−l −m, 1, 2), ψθ12m+3(l, 1, 2) = (−l −m− 1, 0, 1),

ψθ12m+4(l, 1, 2) = (−l −m− 1, 3, 0), ψθ12m+5(l, 1, 2) = (−l −m, 2, 5),

ψθ12m+6(l, 1, 2) = (−l −m, 1, 4), ψθ12m+7(l, 1, 2) = (−l −m, 0, 3),

ψθ12m+8(l, 1, 2) = (−l −m− 1, 3, 2), ψθ12m+9(l, 1, 2) = (−l −m− 1, 2, 1),

ψθ12m+10(l, 1, 2) = (−l −m− 1, 1, 0), ψθ12m+1(l, 1, 2) = (−l −m, 0, 5).

� 4. Çàêëþ÷åíèå

Ñ�îðìóëèðóåì íåêîòîðûå âîïðîñû äëÿ äàëüíåéøåãî èññëåäîâàíèÿ

1. Âåðíî ëè ðàâåíñòâî [ECT (Z), ECT (Z)] = ECT (Z)?
2. Áóäåò ëè ãðóïïà ECT (Z) ïðîñòîé?
3. Ñëåäóþùèé âîïðîñ äëÿ ãðóïïû CT (Z) áûë ñ�îðìóëèðîâàí â Êîóðîâ-

ñêîé òåòðàäè [2℄. Âîïðîñ 18.48 (Ñ. Êîëü). Âåðíî ëè ÷òî ñóùåñòâóåò ëèøü

êîíå÷íîå ìíîæåñòâî öåëûõ ÷èñåë, êîòîðûå ÿâëÿþòñÿ ïîðÿäêàìè ïðîèçâå-

äåíèÿ äâóõ òðàíñïîçèöèé êëàññîâ? Åñòåñòâåííî èññëåäîâàòü ýòîò âîïðîñ

è äëÿ îáîáùåííûõ òðàíñïîçèöèé êëàññîâ.

4. Êîãäà ïðîèçâåäåíèå äâóõ îáîáùåííûõ òðàíñïîçèöèé êëàññîâ èìååò

áåñêîíå÷íûé ïîðÿäîê?

5. Êàêèå êîíå÷íûå ïîðÿäêè ìîãóò èìåòü ïðîèçâåäåíèå äâóõ îáîáùåí-

íûõ òðàíñïîçèöèé êëàññîâ?
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